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Random graph G,

Construct random graph G, on the vertex set V|, as follows.

Assign r "half edges” to each of the vertices.
Pair the half edges at random (rn must be even).
Let IP denote the distribution of G,.

Condition on the event E, that the graph is simple (no self loops or
multiple edges).

P(E,) is bounded away from 0, and hence for large enough n,
if P:= P(:|E,), then P(-) < cP(-) for some constant ¢ = c(r) > 0.

@ Choose G, according to the distribution P on simple graphs.
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Threshold-two contact process

@ x ~ y means that x is a neighbor of y, and
Ny ={xe V,:x~y}

@ The state of the process at time t =0,1,...is & C V,, the set of
occupied vertices.

@ The distribution Pg, , of & with parameter p conditioned on G, is
given by

PGnyP (X € §t+1 | ‘Nxﬂfﬂ Z 2) =p and
PG, p(x € &1 | INxNE&| <2) =0,

where the decisions for different vertices at time t + 1 are taken
independently.

o Let P,(-) := EPg, ,(-) be the unconditional distribution of .
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The critical value p.

o Let &} start from all-one configuration.

@ Define the boundary p. between convergence to the all-zero
configuration within time C(p) log n, and exponentially prolonged
persistence as

1
m P, < inf I&] > u(p)) =1 for some /

li
n—00 t<exp(k(p)n) N

pc = inf{p e[0,1]:

Theorem

If r >4 and n € (0,1/4), then there is an €1 = €1(n) € (0, 1) such that for
p sufficiently close to 1, and for some positive constants C; and ci(n, p),

- &2
P f 1—e ) < Cexp(— '
g (féexp(lg(n,p)n) n e ) < Grexp(—a(n, p)n)

Remarks: So p. < 1.
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Behavior of £/ starting from a small occupied set A

Let 5?‘ starts from 56‘ = A

Theorem

There is a decreasing continuous function €3 : (0,1) — (0,1) and a
collection G of simple r-regular graphs on n vertices such that for any
€ (0,1), Go(p) :=2/log(2/(1+ p)), and any subset A C V,, with

Al < e2(p)n,

@ SUPG,eg Pé,p (g/[ACO(p) log n| # @) = o(1),
o P(G°) = o(1).
Hence lim,_,oc Py (gf‘co(p) log # (ZJ) =0.

Remarks: (i) pc € (0,1).

(ii) The density of occupied vertices does not stay in (0, €2) for long time.
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Quasi-stationary density

e For p > pc, let

1
Pn = - g]—exp(nl/Q)]‘ .
Pn is the quasi-stationary density of occupied vertices.
e From previous theorem, P,(pn, > e2(p)) =1 — o(1).

e Also using monotonicity, Pg, , p € [0, 1] are stochastically ordered,
i.e.

for p1 < p2, PG, (B) < Pg, p,(B) for any inctrasing event B.

Theorem (C. 2010)

Let p := ea(pc), where €x(-) is as in previous theorem. Then p > 0. For
any p > pc and § > 0,

lim Py(ph>p—9)=1

n—o0
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